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StJKl^ET 



In the paat it has been oustomarjr to analyse shelly 
supported frames on the ^asis of the aesumption that frame 
'bending distortion does not affect the character of the 
shear resistance in the skin* Shie assumption has heen 
found to he oonsideratly in error for a ma^Jority oS prac- 
tical oases^ . - 

In order to ohtain results more nearly representing' 
the actual case* it is essential that the deformation of 
the frane and the deformation of the shell be oonftietent 
vith each other ^ While this principle of "consistent 
deformations'' is already well known and appreciated, its 
ap^^lication to> fuselage frame analysis and similar prob^-* 
lesie has not been eztensirely developed* — 



This paper deals with the single problem of circular 
shell-»supported frames subjected to concentrated loadinge* 
A mathematical attack is developed and presented in the 
form of nondimenslonal— coefficient curves. These curves,' 
while they are ^.evelcpecl for circular frames only, may, 
by mec«ns of approximat ions » be used for nearly any prac-^ 
tical frame which has curvature in the region of' applied 
loadings ■ 



XSSEODUCZIOH 



Tfhen she nonsupported rings are externally loadedi 
the applied loading ie resisted primarily by a system of 
shearing forces within the shell* . .. 

She VCj/l and 5?/2A. shear-flow distr ibution^ which^ 
has been used freq,uently in past analyses, is consistent 
with tae assumption that the ring being loaded is rigid* 
For amall-rdiaiaeter shells with sturdy rings, this distri- 
bution has proved reasonably satisfactory for design 
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purposos* .EovdTer^ as the size of airplanes increases » 
the rings T)eeQ&6 relatively more flezi'ble so that the 
assumption of Infinite ring stiffness may sometimes 
introduce errors of several hundred percent in ring 
design^ therefore V necessity for a more accurate 
analysis becomes apparent » Such an analysis must con- 
sider the finite stiffness of the ring. 

B^acause of the added complexity involved in evaluating 
the effe<^t of finite ring stiffness, it is desirable to 
present the results in the form of coefficient curves cal- 
culated for typical cases* Then the lending moment, axial 
load and transverse shear in a ring, and the oorreeponding 
shear flow acting on the ring from the supporting shell 
may be readily obtained from these curves by proper inter— 
polation and superposition* 

tthis report is but the start of the contemplated ring 
study end covers only the case of a complete circular frame 
subjected to a system of coplanar loadings ♦ ihe method 
Willy in later report^, be extended to more general appli*-* 
cations vhich include the folloving problems: 

(1) Analysis of wing^f uselage Intersection including 
design data for the main frames » deflection of the main 
frames » skin shear flovs> and modification of axial streases 
(in the vicinity of the main frames) as a result of ring 
flexibility 

r.r.'s.l./ois of fuselage cut— outs including design 
..«^a end def le.i9itionB for the end frames, skin shear flows, 
and stringer axial stress modification 

(3) Ilutual influence of iidjaeent frames 

(4) Ana^^ysis of rings involving floor support problems 
'"^ A-*- "ysis of rings indirectly attached to skin 

87KB OLS 



a internal axial load, act ing . on ring cros^o 
pounds 



arbitrary constant of integration 
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final ittternal load coefficients, where 
first subscript designates type of 
internal load or shear flow (m for 
monent, s for shear » a for axial 
load, and q for shear flow) 
second su'bseript designates type of 
external applied loading {m for 
moment, r for radial loadi t for 
tangential load) 



to 



d relative— stiff nesB parameter {^r> approximately equal 
tR3 



dS element of slcin shear force 

Ax, Ay, A<l>* horizontal, vertical, and angular displace- 
ments, respectively, for eiitire ring 
(without distortion) 

AT, AH, A<t> final deflection components of any point on 
distorted ring, tangential, radial, and 
rotational , respectively 

6x. 6y, 6^ final relative displacements between faces 
of "cut" 

S Young *s modulus of elasticity for ring, pounds per 
square inch 

G uodul\L8 of shear rigidity of skin, pounds per square 
inch 

Bj^ internal continuity axial force at out, pounds 

Z moment of inertia of ring cross section, inches^ 

Z skin resisting force per unit tangential defleotioni 
pounds per inch 

L distance along shell to a section which is not 

distorted from a circle - - 
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a deeignates posi- 
tion of term in 
general eacpree— 
. Bion. 

prime designates 
ant ia^mnetry 



^mn» ^mn* final moment constants 

^q,n^ ^q.n* final shear— flow constants 

Ksnt ^sn' fiaal shear constants 

Ean» ^an' final azlal-*load constants^ 

m Internal "bending moment acting on ring^ . inch-^pounds 

H a:;?plied moment acting in plane of frame * inch-poi^nds 

internal continuity moment at out« inch— pounds 

applied radial load acting in plane of frame , pounds 

* 

^% applied tangential load acting in plane of f rams i 
pounds 

internal continuity shearing force at cut, pounds 

q.. induced shear flow expressed in pounds per 

I radian (q. as used in 

4q conventional shear flow > final curves is divided 

j "by radius to glv^ 

CL resultant shear flow J l'b/in#} 

B radius of ringi inches 

S transverse "heam sheari^ in fuselage 

s internal shearing load acting on- ring cross sectioni 

pounds 

average effective skin thickness supporting ring 

tj effective skin thickness forward of frame 
effective skin thickness aft of frame 

p. ratio of S of frame to G of skin 

Cji relative '^ehapo" stiffness of shell forward of rin^ 

^A relative '^shape" stiffness of shell aft of ring 
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P, Y damping paraiaeters 
a froq^uency parameter 
a « &® + a» + 1 

^ variable angle while 8 remains constant 

8 r.ugular dieplaceuent from cut (majr be used alone 

or as eubscript) 

integration limits (d^ . for complete circle) 



A few ring tosts on the Constellation fuselage test 
section have been conducted iy Lockheed Aircraft Corporation 
Observations baaed on theae testa (unpubliehed) include the 
followingt _;, 

(1) 7he maximum moments, actualljr measured^ ranged 
froH 5 percent to 50 percent of values obtained by 

as s,uming' infinite ring stiffnees* 

(2) The moment pattern for each test Indicated that 
the load affected the ring only locally instead of entirely 
around the fuselage* — 

(3) Tor radial loading the maximum axial load was at 
the .location of the radial load instead of 45^ away, as 
indicated by assuming a very stiff* ring* IChe maximum 
axial loady as measured, exceeded the calculated values 
by approximately four times* 

(4) 7or tangential loading the axial— load curve 
reaches the same maximum ae the calculated curve but 
dies away more rapidly. 

She Boeing Aircraft Company has also made some ring 
tests on the XB— 29 fuselage test section. Two eq.ual 
vertical loads were applied, each at SZi^ from top center* 
The ring stresses, as measured^ corresponded in nature to 
the Constellation ring tests. The following comparison 
with conventional analysis was taken directly from the 
Boeing report (unpublished): 
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It aay be seen that the maximum meaLsured etress • # « 
is only 30»3 percent of the correepoaaing theoretical 
strees, with even greater variation at other points 
on the frame. Hence this method of analysis Is an 
.extremely conservative one. 

As a result of these tests, it is evident that' the 
assumption of infinite ring stiffness leads to elccessive 
conservatism for any airplane vith rings that are similar 
to those of the Ztockheed Oonstellation or Boeing' 3CB*«39» 



OSKSBAL DST£LOFU£HS 
Preliminary Discussion 



In the general ring analyses that have been developed 
(reference 1)« it has 1)een custoiaary to assume that the 
resisting skin shear flow follows simple VQ/l and S/2A 
distribution^ As long as the ring remains perfectly rigid, 
this assumption is reasonably close to the actual condition8« 
However, in the case of rings of large diameter used in air-* 
craft structures, the assumption of perfect rigidity ie 
often far from the truth. 

In the actual case^ the ring will always e^erience 
some distortion as a consequence of being loaded* tPhis 
distortion will induce shearing forces in the skin which 
tend to oppose the ring deflections and* therefore, effec- 
tively change the manner In which the applied forces are 
resisted by the skin* Pigure 1 shows the deflected posi-^ 
tions of a rigid ring and a flexible ring* Sote that the 
difference in tangential deflection in the two cases would 
induce additional farces in the skin which oppose the 
deflections of the flexible ring* A very light ring would 
tend to deflect until the external moments causing the 
deflections x/ere neutralized by the sum of the resisting 
moments in the ring and the resisting moments due to the 
deflection—induced skin shear flow* &0V| if the resist- 
ance of the skin to deflection is increased, say by 
doubling the skin thickness, and the ring is loaded as 
before, then the skin will resist the deflections of the 
ring more strongly and will provide a greater proportion 
of the resisting moment than before* 



However, since it is chiefly the moment in the ring 
that determines the dsflection of the ring, the distribution 
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of the shear flow in the skin has heen altered 1>y changizig 
the rolatlv-e stiffness of the skin and ring*. It is then 
apparent that, in the actual ease, the dlstr iliution of the 
skin shear flow depends .upon the relative stiffnesses of 
the skin and ring* tt is nov possible to consider the 
skin shear flow as consisting of two parts t the 
and T/2k distrihution upon which is superimposed the 
induced shear flow* 

Che VQ/I and T/2k distribution Joay be realissed 
hy assuming the shear flow to be pr oport ional *to the 
tangential deflection of the skin with respect to a 
reference ring which Is assumed to be rigidly fixed in 
space* If a horizontal and vertical force and a moment 
are a:.'^pliod to the ring, they will produce a horiaontal 
displacement txt a vertical displacement Ay, and a 
rotation A^'» respect ively» of the ring as a unit* 
She shear flow at any point la then given by '7 



where E is the r^tio of tangential shear force per radian 

to .tangential deflect ion« 

She Induced shear flow Is proportional to the relative 
tangential deflection of a point due to the bending moment 
in the ring*. 



She resultant shear flow acting on the ring is then 
givon by 



q.^ s Z(Lx cos & 4* Ay sin 6 •!> A<>*} 



a 




« K{Ax COB 9 + Ay sin 9 + A<J>' + Ala) 



(1) 



She moments produced in the ring by this load system 
may now be determined* 
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Dovelopmo&t of G-eneral Differential Sq.uatlon 

figure 2 shows a portion of a fu&elaga ring that has 
been cut at point A and the forces req^ulred to produce 
continuity have been applied at the cut* Aa element of 
skin shear force acting on- the ring is represented by dV* 
The bonding aouent at any point d in the ring will then 
be given by 

m « + ^^{l cos fl) — P^R sin 8 

- a y - cos (8 \t;)jdy (3) 
o 

Expanding cos (S and differentiating m with 

respect to S yielde 

|s = %a sin 9 - VaPl cos e + aJICcosSfi + 8in»e) - af? 

CLO do 

a Bin e /' dos ^ dF + a coft 6 P sin y^t' dS" (s) 



/dos ^ dF + a coft 6 /* sin 
Bif f erent iating again with respect to d yields 

e 

~s ts Hj^a cos e + p^a sin e — a cos e / cos ^ dJ 



cos )lf 



.6 



a sin e sin ^^l dff (4) 

She third derivative yields 
~ - Hj^a sin 8 + tj^a cos 8 -a(cos^ + sin^e)^ 

e e 

♦ a sin 8 60S d7 a oos 8 ^ sin \|f dT 
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If the eisillarlty "betveeu alternate derlvatlrea is 
noted, it iaa7 "be seistt that adding the first and third 
dePlvatlres yields 

42 + ^ « (5) 
de ^ ^gz ^d9 



Since m is the moment at any point in the ring, the 
tangen:tial deflection at I> (fig. 3; due to a moment at 
0 acting over an elementary length- of the ring & dO 
will he given hy * 

„ :2J»|L1 (6) 

ffroa figure 2 it is evident that 

'h 5= R & - COB (9 - >l/)3 

3y euhstituting for h and Integrating, equation (6) 
becomes 



AS « - mCL - cos (e - \l^)3d8 



21 

Substituting for in eq.uation (l) yields 



^ s K AO* + K Ay sin 8 + IC Ax cos 8 
6 

^ y m[l - cos (e - ^^)]d8 (?) 



o 

Hoting the similarity between ea^ations (3) and (?)y 
It is evident by comparison that ' ^ 

de'' da* 3^ 
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Adding the first ajxd third derivatives of eq.ua t ion 
(5) sives 



^ ^ . ^ (10) 



Su'bstl'tuting eq^uation (8) in eq.tLation (lO) glree 

de® dS* d6* BI 

3auatlon (ll) is the differential eq.uatio& defining 
the moment disinrihut ion in a skin— support ed ring fiu.T>jected 
to any loading. It is interesting to note that the dis— 
tril)utlon depends only upCn tnt> value of KR^/BI, herein- 
after called the ''relat lve*-s t if fnees parameter d,'' heeause 
S x8 a factor denoting the utiffnese of the skin and SI/B 
is a factor denoting the stiffness of the ring* - - - 

The general solution (see appendix) of equation (ll) 
yields 

m = O^e^^ Oft®'^'^® ^a®^® <^os c9 O^e^^® cos afl 

+ Cge^® sin ere + Oge'*^® din (tS (12) 

vhere the values of Y, P» and cr are as plotted in 
figure 3 for different values of EK^/ZI. Inasmuch as 
there are six independent constants in eq.uation (12), 
six Independent conditional equations are needed for a 
complete solution^ These are the three equations of 
equilibrium and the three equations of continuity. 



Considering only symmetrioal or antisymmetrical 
loadings reduces the number of independent constants to 
three,«and the general solution reduces to 



a a cosh Y0 + coah P8 cob 

sinh pe ein or9 (13) 
for symaetrical loading and to 

a» « Sjjj^ • slnh Vd + IC^ » sinh ^8 cos afi 

for antieymlnetrical loadizigt 

She szpreesioas for the shearing force » a^cial force ^ 
and skin shear flow at any point 8 may "be shown to he 
given hy (see appendix) 



a.-|4fS CIS) 



where m is given hy equation (13) or (14). 

She components of absolute deflection (that is, with 
Respect to ^flxed structure^) may be shown to be giren by 
(see appendix) 



(20) 
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Zzamlnatlon of eq^uatlons (18) and (14) and their 
der ivr-t ives reveals that the derivatives of m are 
alteractely symaetric and antlsynxnetrlc and the alter- 
nate derivatives differ only in the numerical valMe of 
the three GOef f icient s« Inasmuch as all the preceding 
qtuantities are proportional to derivatives of n or 
sums of even or odd derivatives of m, they vlll also 
differ from the similar (luantities only in the numerical 
value of the three coef f icients • iPherefore, the inter-- 
relation hetveen these coefficients may be conveniently 
Bho\fn in tabular form* (See table .1^) 

She six conditional equations may be represented as 
^ ^7 » 0 (31a) 
^A<t> « 0 (211)) 
w 0 (21e) 
« 0 (aid) 



U » 0 (21e) 



J&y » 0 (21f ) 

t 

She first three conditions are automatically satisfied 
by conditions of ant isymmetr ical loading and tLs last three 
are satisfied for symmetrical loadings lUer t:.^ ere « for sym- 
metrical loading* equations (31a) to (21c) become 



/ 



4> ■ 

q Sin d dd - (22a) 
f !^ dS »• 6<t> (221>) 



J TSI 



-~^(co8 & ^ cos c>) dd -fix (22c) 
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vhere 

4 e Biah Yfl + S^g alah 99 cob 09 + H^^^ cosh P9 sla 09 

m " K , cosh Y9 + K ^ cosh P9 cos 09 + K ^ sinh P9 sin 00 

7or aatlsymaetr ical loading^ eq^uatlons (21d) to (21f ) 
1>ecome 



r 

/ 9 d9 s P|. (22d) 

J* ^ cos <^ 008 9)H d9 « H (22©) 

^ ^ Bin 9 d9 » 6y (22f ) 

where 

^-^n4* coshV9+K_^» cosh 39 cos cr9 + K-^» sinh Y9 sla 0fl 
m»Kj^j^* siahV9 + K^g» sinh P9 cos 09 E^^ cosh 39 sla 09 



All integrals to be evaluated for eq.uaticn (22) 
come under one of the sevea geaeral tsrpes givea la gen- 
eral form la the appendix* She numerical -^val-xatlon of 
these integrals Is accomplished on computation form 3» 
(See appendix.) - ^ . 



She coefficients, evaluated in accordance vith compu- 
tation form 5» are used as shown in the following tahles 
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Discuss lOH or PHYSICAL CO^OBPIDS 
Effect of aiag 2'le3ciT>ility oa Shear-Plov Pattera 



Ihe shape of the shear-^flow pattern, for a given 
external load applied to the ring, depends entirely upon 
the stiffness of the ring relative to the shell. This 
statement has heen substantiated mathematically in this 
report. However, in order to estahlish nonmathemat ical 
concepts of the general phenomena involved, the following 
paragraphs will he devoted to a study of the effects 
encountered with each loading case« 

Before the character of the shear— flow pattern may he 
determined, it is first necessary to realize fully that the 
shear— flow Intensity is proportional to the tangential de- 
flection imposed on the skin hy the loaded ring, Shis 
statement is apparent since shear force in the plane of the 
skin is certainly necessary to produce tangential deflection 
of the skin, and the magnitude pf this Shear force is pro- 
portional to the deflection which causes it, With this fact 
clearly in mindt consider a shell section loaded radially 
as shown In figure 4« 

fflrst, assume that the ring is very stiff and remains 
circular throughout the loading process, Vnder these con- 
ditions, it is evident that the ring will undergo a pure 
translation displacement in the direction of the load P,.* 

Ilhls translation will impose the maximum tangential deflec- 
tion on the skin at points 90° away from the loading Py» 

In other words « the skin shear— flow pattern assumes the 
7Q/I (or sine^ wave form as illustrated in figure. 5« 

ITow, if the ring distorts, as shown in figure 4, the 
point of maximum tangential deflection is no longer 90^ 
away from the loading. Instead, it moves to the region 
indicated in figure 4, ^due primarily to the tangential 
deflection induced in this region hy straightening the 
top portion of the ring. (Ihe ring axial loads do not 
ordinarily cause sufficient axial deformation to affect 
appreciably the general problem,) Zherefore, when the 
ring is somewhat flexible, as it is for most practical 
cases, the shear— flow pattern takes a form similar to 
that shown in figure 6, The extent to which the shear 
flow is localized in this manner depends entirely upon 
the stiffness of the ring relative to the stiffness of 
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the 8hell« However , this shear flow ie incpnsletent In 

one respect* If the ring is flexiTjle, ae it. must "be for 
this tyoe of shear flow, the points "b (fig* S) on the 
ring will deflect downward excessively due to the relative 
''opening" action of the shear flow actieag against Pj, • 
Sherefore, the shear-flow pattern^ indicated in figure 6, 
must "be modified so as to incorporate secondary waves (as 
shown in fig. ?), which restrain this dosl^nward deflecting 
tendency « 

In summarizing the case of a radially loaded ring, it 
may "be stated that when the ring is infinitely stiff the 
shear— flow pattern follows a Vft/l wave (fig^ 5) hut, as 
the ring heoomes finitely flexible » the shear flow gradu- 
ally changes from a sine wave to a pattern similar to that 
shown in figure 7- 

ffoxf consider the study' of a fuselage ring loaded with 
a e ingle tangential load* 

If the ring is extremely stiff i the shear— flow pattern 
resisting the tangential load is as shown in figure 8* Ihis 
pattern may he ohtaine^ hy applying the customary VQ/ I and 
T/2k distribution* Sote that the chief function of tha 
secondary wave is to offeet the moment . induced hy the primary 
wave about point A, 

If the* ring is n^t extremely stiff, the shear-iflow 
pattern cannot form as shown in figure 8». since the ring is 
not capable of distributing the loading entirely around 
the section* Instead, it distorts under the loading 

and tends to localize the shear flow* therefore , the 
shear flow assumed a pattern similar to that shown in 
figure 9. 

Since the primary wave for a flexible ring, as shown 
in figure 9 » produces less moment about point A than it 
does for a rigid ring (fig« 8), the secondary waves become 
less significant as the ring becomes more flexible* 

3Por the last type loading, consider a single applied 
concentrated moment^ 

If the ring is infinitely rigid, the resisting shear 
flow, for moment loading, is a constant of Z/SA entirely 
around the section. 
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Tfhen the ring is not extreaely stiff, the shear-flow 
pattern cannot remain constant since the ring is dot capaljle 
of distributing the loading entirely around the section. 
Instead, it distorts, under the moment loading, and tends 
to localize the shear flow, as shown in figure 10 where the 
primr.ry waves resist the applied moment and the secondary 
v/are compensates for the horizontal components induced "by 
the primary waves. It is observed that the intensity of 
the secondary shear flow hecones quite severe for very 
flexible rings and entirely disappears when the ring becomes 
infinitely stiff. 



Relativ6-*Stif f ness Parameter 

On the preceding pages , the shear— flow patterns 
obtained with various relative ring stiffnesses have been 
described in some detail. However, the exact parameter 
which measures relative stiffnesses has not been mentioned. 
It is a natural product of the mathematical analysis. 
However, the terms included in it are reasonably self- 
explanatory when considered from a deflection standpoint* 
This par£*.iaenter , which defines the shear-^flow distribution 
in every case, is given as ~ . 




EI 



where 

— factor which is proportional to tangential deflection 
31 of ring - ' ^. .. 

K factor \^hich, by definition, is inversely proportional 
to tangential deflection of skin, pounds per inch 

This term KR^/SI is used throughout the xsathemat icai 
derivation. However, its exact evaluation depends upon the 
accurate determination of E, for which further devolopmont, 
6upplez;ented by tests, is clearly needed. Therefore, until 
a better meane is made available, K may be approximated 
as 
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where L is the dleta^ACe along the shell to a sectlozx 
which is act distortecL from a circle^ At this section 
a 7^/ 1 shear— flow pattern may "be considered to exist; 
R/L is assumed to Ire never less than unitjr (except for 
the case of adjacent rings similarly loaded)* This approx- 
imation for Z seems justified for any large fuselage 
compi>.rahle with that of the Lockheed Constellation or 
Boeing ilodel :SB-29 s.ince it glTes good test agreement for 
those airplanes « Ihen» hy eulastttuting in the expression 
for d. 



d = 



Is!! 



where 

te average effective skin thickness supporting ring 

H radius of ring (suggest that R he meAn radius between 
skin and ring, neutral axis) 

I mean effective moment of inertia of ring cross section 
including effective skin 

ratio of S of ring to & of skin 



t actual skin thickness 
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&eneral ^— Ihe curves, as presented in figures 11 to 
43 » are derived for the ideal case of a continuous cir-- 
oular shell—supported frame of cox^stant SX with any 
system of applied loads in the plane of the frame* 

Ho\/ever> rings which vary conslderahly from the 
ideal case i&ay he handled with reasonable accuracy by 
approximating ''equivalent ideal conditions*" 

The coefficients for (l) bending moment » (2) axial 
load, (Z) shearing load, and (4) shear flow are plotted 
against angular location for various values of the 
relative*«stif f ness parameter df There ie an independent 
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set of curves for each type of loading (radial tangen- 
tial^ moment, and rotation) and a separate plot for each 
coefficient* 

The value of the relative— stiff nese parameter may he 
determined from the relation d s as previously 

discussed* 

The details for using the curves to find bending 
moments, axial loads, and so forth for a given single 
load.ing hecome evident hy examination of the curves* 

Ihe results for any system of loadings may he 
obtained by breaking the system down into a series of 
individual radial, tangential, and moment components and 
superimposing the individual results* 

Shear flow ix^ Bl^i,n ,^ She shear flow as obtained from 
the curves is the total shear flov acting on the ring* 
Shis shear flov (see section entitled '^Preliminary 
Discussion?)' is composed of (l) a T%/ X (or d » 0} 
shear flov vhieh prortdes eauilibrium and (2) "induced" 
shear flov, not affecting equilibrium, induced by ring 
distortion^ She VC^/ X portion is resisted from the 
f ore--and— af t sides of the ring in proportion to the 
total shear and torsion on each side* She 80--called 
induced portion of the shear flow acting on the ring 
is supplied by the skin from the fore— and-«f t sides of 
the ring in proportion to the relative ''shape" stiffness 
of the shell on each side* She shape stiffness refers 
to the resistance of the adjacent shell structure to 
distortion from a circular shape* Xt depends upon the 
number of rings, ring spacing, ring stiffnesses, skin 
thickness, skin shearing modulus, and the distance from 
the loaded ring to a section in the shell which undergoes 
no distortion. Xt is hoped that further development and 
test data will provide a simple method for obtaining this 
8hape«<*stiff ness factor fairly aooutratelyf However, at 
present the following approximation* involving only the 
skin thicknesses and the distances to undistorted sections 
are suggested since it is felt that they are perhaps the 
most Important factors for the usual ease* She relative 
shape stiffness of the shell forward of the ring is assumed 
to be 
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ty + tj^ 



where 

ty effeotlTe akin thicfcnesB forward of ring 



effective ekin thioknede aft of ring 



(7or significance of E/L, see discussion under 
Relative^Stif f nees Parameter.) 

Cases 1| a, and 3 are given as illustrations of the 
skin shear flow on either side of the ring^ 

Oase 1: General case of a loaded ring in any cylinder 




Forward 









^W//y//// 



T 



View of forces 
acting on ring 



Shear 



The skin shear flow fore and aft of the loaded ring 
may T>e given as 



^Shear flow asN ' 
obtained fr6m\ ^ 
curves » using r 
factual d / 

do- 



Shear flow, 
as ohtained 
for d » 0 



/ Shear flow 
^ \ as obtained 



? \for d 




^ ^ do- 
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where the first ter&e repreeent the shear flow in&uce& 
ring distortion^ and the second terms represent the load- 
ing (or equill^br lum) shear flow* fosltive skin Shear flow 
Is considered to he aoting clockwise on the section ^ahead^ 
when viewed looking forward* 

Oaee 2t loaded ring in a cantilevered cylinder 

Y 

y 




She shear flow fore and aft of the loaded ring may 
be determined using the same expressions as for case It 
The only difference is that Sp is sero« (See shear 
diagram* ) 

Case S: Loaded ring at the free end of a cantilevered 
cylinder 




Forward 
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She shear flow In the akin aft of the ring is the 
sane as the shear flow acting on the rinf • It is noted 
that » if the general expreseione from case 1 are applied^ 
Zjf and Sj> are hoth zero and is unity, so that qj^ 

hecomes 



^ ^ Shear flo^ as obtained from curves using actual d . 

^ppr 03;j.ina.tAai\. ,%m<ilrA^ ,, yi^&n^ ■ "t. 1 ■ o£ T ,dQftB not 

ren ain oonstan tw'* When the curves are to he applied to an 
actual ring which is not associated with entirely constant 
values- of t| R, and It approximate "effective*' prop- 
erties may he obtained which will give reasonable results* 
3?herofore, the following paragraphs are devoted to a dis- 
cussion of these approximations* 

!2?ho relative importance of the skin thickness at any 
point is proportional to the intensity of the shear flow 
acting on the Ting at that point* It is suggested, for 
the purpose of simplification, that the skin thickness be 
considered only over approximately the first major yave 
of shear flow* il trial, using an assumed thickness i may 
be necessary in order to locate approximately the first 
major shear flow Wave. Then the average effective skin 
thickness may be obtained as follows: 

(1) Obtain the actual weighted average of skin thick- 
ness over approximately the first major wave of shear flow 
for both the f or e-^nd--af t sides of the rihg, 

(2) Note the distance L each way from the loaded 
ring to the section that cannot undergo any distorticn in 
sympathy with the loaded ring« Examples of sileh points 
are points of fixed shell support and points of antisym-* 
metry halfway between two separate rings which are loaded 
so as to cause opposite shell deflections. 

(3) If this distance L either way from the ring is 
less than the radius of the shelly the effective thickness 
on that side of the ring should bo increased by the ratio 

(4) IThen t^ is the average of the effective tbick-^ 

noases on each side of the ring ap found in accordance 
with steps (l) , (2), and (3)^ 
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She riag radius & and the moment of Inertia I 
need oe constant only from the loading point around 
through tho region of approcia'ble "bending momont* If, in 
this region of appreeiahle hending moments, E and I 
vary slightly, satisfactory results may Tse obtained "by 
using the average values of & and X« However, if & 
varies considera'bly i it is recommended that overlapping 
assumptions be applied. 

If I varies considerably, the following means for 
finding the approximate equivalent moment of inertia is 
suggested; 



the region of appreciable bending moment » This region of 
appreciable bonding moment may be approximately located 
by using an estimated relative— stiff ness parameter d* 

She curves are set up for coefficients at definite 
angular positions. These positions are measured from the 
point of load application with respect to the center of 
the circle* ?or a case of varying curvature the approxi- 
mate point on the actual ring, for which the coefficients 
o-Pplyi laay "bo obtained by laying out around tho ring a 

distance of H9-^^ inches » where & is the assumed 
180 

equivalent radius and d is the angle (in deg) from the 
loading to any point on the assumed equivalent circle* 

Tho effective width of skin acting with tho ring is 
not constant oven though the structure is perfectly uni- 
form throughout the oir cumf er enoe • However, the final 
results are not very sensitive to tho value of . d, 
especially when d is largo* Therefore, tho following 
ef f ective->width assumptions are recommended: 

(l) Vor determining the section properties needed i 
for d, use an effective width approximately equal to the 
depth of the ring 



If s Lei^g th of arcj 




where the length of are and 




la continued over only 



(2) S'or determining the section properties needed 
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for the margin of safety of the ringi base the effective 
width upoxL the atreae condition (tension or compression 
in the skin) 

Further development, supplemented by tests, is clearly 
needed in order to predict accurately the effect of load— 
ing adjacent rings simultaneously^ In view of available 
data, the following approximations are recommended: 

(l) yor the design of a ring where one adjacent ring 
of approximately the same flexural proportions is similarly 
loadedt'use 

d * 2 

(3) For the design of a ring whore at least both 
adjacent rings are loaded similarly, use - - 

it 

d « lit- 



Shoso adjustments in d may be oonsiderdd as adjust- 
ments in the ^ -^valuo used in the expression t^ » ^t» 
(See section entitled ''Relative-Stiffness Parameter***) 

Analysis of a rin^ conta in ing a p in joint ,— A pin 
Joint in a ring simply permits enough angular rotation at 
the pin Joint to relieve ooApletely the bending that 
would exist there if the rxng were continuous* Iherefore 
a ring with one pin Joint may be readily analyzed in two 
steps r 

(1) 3*ind the results which would exist if the ring 
were continuous instead of pin Jointed 

(2) Superimpose the results for a "rotation loading" 
applied at the pin Joint where the amount of rotation is 
determined so as to require '^end" couples exactly equal 
and opposite to the bending moment found at the pin— ^oint 
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locatioa in step Examlziat ion of the formula ;^or 

l>ending moaeat due to rotation loading, as giyon in fig*- 
ure 35 , 




indicates that the required rotation to each side of tho 
joint vould be 

a (Moaont as found in stop (l)) 

8 Jp • " zr* — * ' — ■ " ' — — ■ 

(6a^8(^ at 6 = 0 for proper value of d) 



(iTote that when this expression for 54> is inserted 
in tho formulas for bending moment » axial load, transvorso 
shear, and shear flov, the BI-«term cancels out*) 

Analysis of free rings, The term "free ring" is used 
to indicate an^r circular ring for which tho complete load- 
ing system is independent of the rorlatlre flexibility of 
the ring« The '^complete loading system" includes both the 
applied and tho -^Tes ist ing forces. 

Primarily this report has been concerned vith flexi- 
ble rings externally loaded and supported by shell struc- 
ture * It has already been shovn that the supporting 
portion of the co^mplete loading system on such a ring is 
dependent upon the stiffness of the ring relative to tho 
shell structure* Therefore any sholl-fsuppor tod ring other 
than an infinitely rigl^ os^e is not olaseed &9 free 
ringi^. 
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Hovovor . tile analyeid of froe rings may "be roa&ily 
acoomplishod through tho utillaation of the 4 « 0 
results for ordinary sholl— supported rings • 

Consider a free ring in eq.uili'br ium and loadod as 
shown in tho accompanying sketcht By super impoising tho 
shoar— flov patterns as ol}tainod for "both loadings, by 
using ths d 7 0 curyes » tho not shear flov is found to 
*oo zero, Shis same phenouon^n is true regardless of tho 
numbor of appliod loadings, their positions, or thoir 
typo as long as tho complete loading system is in eq.ui— 
libriua and remains coplanar* 




Ihoreforo, ring bonding moments, axial loads, and 
transvorso shears for any froe ring may be roadily ob— 
talttod by application of tho d » 0 curves, 

Hovovor , the problem of. froo-ring deflections ro— 
q.uiros additional development • Tor example, consider tho 
d w 0 curve for radial doflootlons due to radial loads. 
(See fig. 15«) From the expression for d (see section 
entitled '"Relativo-Stiffness Paramel^or^ ) » it is seen that 
in order for d to be &ero ono of the. two conditions 
must exists 

(l) Ihe rin^ must bo infinitely rigid. 

(b) Xhe thieknoss of tho supporting skin muft be xero 

If the skin thicl^noss becomes zero it is noted that 
£ also becomes zoro. Since K is in the denominator of 
tho oxprossion for AB, tho value of ti& becomes infinit 
Such a valuo has no significance in free^ring analysis. 
Therefore, tho d = 0 curve in figure IS is of us o only 
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in case tho ring is inflnitoly rigid (for oxttmplo, a solid 
plate) and would then give pure tranelation doflections* 

fhxLB it ia apparent that the deflections for free 
rings must he ohtained in a manner which hypasses this 
tendency to heeome indeterminate* Basically the entire 
mathematical analysis is indeterminate for d 0» Shero-* 
fore all d » 0 values for hending<-moment coefficients, 
and so f orth» are ohtained hy using d = 0^010201 which 
approaches d » 0 very closely for all practical purposes* 
She regular calculated deflections consist of (l) pure 
translation deflection of the ring as a whole, and (2) 
the distortion deflection of the ring itself* Vhen d 
hocomos sero, the distortion deflection' also hecomes Bero« 
When d » 0*010201, some distortion deflection still ro-* 
mains "but is very small relative to the translation deflec- 
tion* Jor any free rin& which is in equilihr ium, the 
total translation deflections ate sere arince there is no 
tendency for the ring to shift in space* therefore, it id. not 
necoasary to ovaliiate any translation deflections, and the 
distortion deflections "become the desired results^ Since 
the hending moments in a free ring may he found q^uito ac** ' 
curatoly hy using d » 0^010301 instead of d « 0» the 
distortion deflections for d a 0^010301 are satisfactory 
for froe-'-rlng deflect ions. 

Koasonahly accurate values for distortion deflection 
coefficients have been ohtained hy using six to ton sig- 
nificant figures throughout the numerical solution for 
deflection coefficients (when d » 0.010201) and then 
subtracting the pure translation deflection coefficients 
ifhich are. ohtained hy simple geometry^ 

She formulas for actual deflections of free rings 
are the same as the formulas for the deflections of shell— 
supported rings except for the following considerations: 

(l) She value of E is ohtained as follows: 




Shon 

Z » 0*0l0301 
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She value 0.010201 has loeen combined with the distor- 
tion deflections and the resulting values are plotted as 
deflectio'k coefficients for free rings* (See figs, 18, 
25, 34, and 6?,} tChe formulas for the coefficients to 1>e 
used to find actual deflections are^ presented with the 
curves « 



Lockheed Aircraft Corporation, 
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Xhp assumptions upon which the mathematical deriva— ' 
tion is "based are 

(1) She frame is of constant initial curvature and 

' constant flexural rigidity 

(2) She supporting skin is of constant thickness and 

continuously attached to the frame 

(3) She skin shear flow is proportional to the tangen- 

tial deflection of the ring with respect to 
"rigid structure" 

(4) She frame complies with the assumptions for the 

f lerure theory of curved heams with uniforn 
rectangular cross sections 

(5) All loading is in the plane of the frame 

(e) S!he distortion of the frame, under loading, alters 
the skin shear-^flow distribution but does not 
alter the geometry of the frame 

(7) The skin shear flow acts along the elastic axis 

of the frame 

(8) She frame undergoes no asciaX deformations 

(9) She structure is loaded within the elastic limit 
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Solution of Sifferential Zquation 
Sho solution of the differential equation 

dls + gdlS + ^ , 0 (11) 

49® dfl^ cie^ EI 



may 'oe readily obtained 'by writing it in sym'bolic form as . 

(D^ -I- 2D* + 3)^ - d)m » 0 



and noting thai, the associated equation ie of a quadra— 
cuhic f ora with one pair of real roota and two pairs of 
imaginary roots. 

She roots t as determined algebraically, are 



T 9 ±y 

and 

r « icT 

where i =«y^ and Y, and a hare the values "com- 

puted on form 1 and plotted in figure 3 for various values 
of the relative-stiffness parameter d. 

She general solution is then given hy 

m « Cxe*^6 + o^^-^ve + c^eCe+^^Jfl + 04e(P-^i^>» 

which may he expressed in terms of real functions as 
m = Oie*^^ + Oae*'"'® + O^e^^ cos aO + O^e""^^ cos a6 

+ Cge^^ Bin ffO + OgS"*^^ sin ad (12) 
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where C^,.^. Cg are ar'bitrary independent conetante » to 
136 determined "by the conditions of continuity and eg^ui— 
librium* 

Bzpressions for Shearing Force and Axial 7orce 
Acting on a Ring X**Section 
3y rewriting equation (3) in the form 



dff 



^ e R sin 8 - Pj^ cos 8 - ain 0 J* cos ^l^ 

+ COB 6 J" sin ^^ dF^ 
o 

and noti:ig that the shearing force on a ring cross section 
is given 'by the eacpression in the "bracketst it nay "be cbxi^ 
eluded that 

Similarly, equation (4) yields the expression for 
aqp-ial force 

tho minus sign resulting from a tension force ISBing con- 
sidered positivot 

Expression for Skin Shear Slow q 

The expression for the skin shear flow q comes 
from the eq^iation 



49 S \de dG / 



wde dG 

where q, is expresBed in pouads per radian^ 
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ZzpresBions for Componeat Deflect! one 

07h& tangeatial deflection is obtained directly from 
the third assumption. 

Substituting eq^uatlon (17) yields the alternate form 

M.m 1 /'dm . d^mN J . 

AI » { — + — y) (18) 

KE Vdfi dft V 



Sho radial deflection of a ring cross section is 



given by 

e 

de 

SI 

0 

vhe&ce 



AE « Ax sin « + Ay cos 9 + J ^ [sin (6 - 



AH + ^ ^ t AR ) ^ 

de^ ZI 



Substituting equation (9> yields 

d8^ x^do de'^ 



vheaee 

K dfl 

or BUlistltutlng the derivative of equation (17) gives 



« ^ + dls^ (19) 
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Tho rotation of a ring croaa section Is given "by ^ 

J3 



A4> » r ^ dfl 

J EI 
o 

Su'bstltuting eqLuation (9) for m jrlelds 

I 

vhenc© 

^ V deV EK V* d8 V 

2vit ~ (a + ^-^^ is Initial rotation at point A 'with 



respoet to rigid atructuro; tberofore, A4> " " ^(^^ 

"abaolate" rotation in radians or, "by sul)Btituting Qq.ua- . 
tion (17) in ita second derivative, 

AO » -i-Zdm + gfila + §1ji) (20) 

^d9 d9* ±9^^ 



Eyperliolic Trigonometric Integrals 

slnh ax sin Tjx sin X dx 
~— i <a coah ax (a sin "bx sin x + 3"b cos "bx cos x)_ _. 

+ slnh ax ^(2 - o)l> cos bx sin x + (21>* - a) Bin bx coa 
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J" siah ax sin bx cos x dx 

= ■■ - ■ '^ ■■1 — 5 -fa cosh ax (a sin tx cos x 2*b cos "bx sin x) 

a"* - 41>^ I - 



+ sinh ax ^(2 — a)^ cos bx cos x - (2b® ^ a) sin bx sin x^j^ 

sinh ax cos bx sin x dx 

ss ^ /a cosh ax (a cos bx sin x - Sb sin bx oos x) 

06 — 4b 

+ sinh ax j^(2b^ - a) cos bx cos x (2 - a)b sin bx sin xj^ 

/ 



s 

a 



sinh ax cos bx cos x dx 

^ ?sa cosh ax (a cos bx cos x 4- 2b sin bx sin x) 

- 4b^ I 

— sinh ax |^(2b^ a) cos bx sin x + (2 — a)b sin bx cos x^^ 

It should be noted that 

(1) a = a^ + b« + 1 

(2) e^^ may be s.ubstituted for slnb ax and cosh ax . . 

(3) sinh ax and cosh ax may be used interchangeably 

in these formulas as long as vork is consistent 

slnb ax sin bx dx » ^ ^ ^ (a cosh ax sin bx — b sinh ax cos bx) 

a * b 

sinh ax cos bx dx » --,,^(a cosh ax cos bx + b sinh ax sin bx) 

a» + b^ 



«4*.v cos h ax 

sinh ax djc ^ — 
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Discussal on of Oomputatlon* 7orm8 



Xhe computation forms used in order to o'btaln data 
for plotting tl^e ourves oontalneiL in this report, are 
listed as follows: 

Form 1 : Solution of Auxiliary Sq^uation 

Jorm 2 ; Hyperbolic and Natural yunotions of 8 for 
a Oiven Value of d. 

Jorm g : Sraluation of Integrale for a &lven Talue of 4> 

Jora 4 ; Final Constants for lype of Applied Loading 

yprm 5 I 71nal Coefficients for Sype of Applied Loading 

Ihe primary function of form 1 is, as the title indi— 
catoB , to evaluate the auxiliary equation which is associ- 
ated with the symbolic form used for solving the general 
differential. eq.uation (11) « !Ehe relation between the 
Tar lojas stiff nesses d and the damping and frequency pa— 
rameteVs"' are obtained on this form. In fact, the plot' of 
the damping and frequency parameters against d (see fig* 
S) is based upon the results from this form, 

loral 2 serves to evaluate the various hyperbolic and" 
natural trigonometric functions of 6 which are needed 
fn the conditional equations of continuity and equilibrium. 
(See equations (21) and (22)») Since the damping and fre- 
quency parameters Y, and a depend upon the relative- 
stiffness parameter d« a separate form 2 must be used for 
each value of d« 

S'ora 3 is use^ to evaluate the integrals which are in- 
volved in the conditional equations of continuity and equl— 
llbrium^ She angle referred to on the form, is spe- 

cifically Intended to cover the case of partial rings as 
well as .the complete rings with which this paper deals, 
yor a complete ring, 0 is 180**- and remains at that value 
as far as this report is concerned. She data for form 3 
are obtained from the form 2 for each value of d being 
considered* 



Perm 4 is used to obtain, from the conditional equa- 
tions of conti^iulty and equilibriup, the coefficient^ of 
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the JiyperTDolto functions xfhlch are used In the equations 
for the ^Inal load coefficients. Jorm 4 differ© slightly 
for each type of loading that Is applied and is so desig-* 
nated hy su'bscripts 7. K» X» and so forth^ 

Porm 5 is used to determine the final nondimenaional 
load coefficients which are plotted against d for each 
value of d| thus yielding the curves in figures 11 to 
81. 



ILBTEILSirCB 



1« Vise » Joseph A»t A^nalysls of Circular ^ings for 

lionoooq.ue Tuselages^ Jour* Aero» Scl*, vol* 6, 
no. 11« Sept* 1989, pp, 460^63* 



BIBLIOOaAfE? 



Vroohti li^-x K,; Fhotoelastlc tnvestigat ion of Shear and 
Bending Stresses in Oentrally Loaded Simple Beams. 
Sng* Bull*, Carnegie Inst^ Tech^ , 1937*. 

Sevell, Joseph 8.; She Use of &ymmetric and Anti^yametr ic 
Loadings* Jour* Aero* Sci«» vol* 6, no« 6» April 1939, 
pp* 235-239* 

Huf f ner , Benjamin 2^*: Stress Analysis of Honocoque I'use*** 
lage Bulkheads hy the Photoelastic Uethod. S.H* Ho, 
870, BACA, 1943* 



I 



I 



8 



§ 

i 




® 5 



0 



03 



"S ^ 1*. • o -•■•r^i 



0 
0 



1PI0 



00 to Q"^ r-lOO ta oo^ 
O) cam eo e^eOid' r-i CO 



t 



, 



(PCO 



op 0> 0> 



Oa^r-li-l 

CQOltQ ^ 

O O «-4 CQ IQ lO ^ 00 



o i-l Q 9 OD Q 

oo«>^^»o»tf> (Ara 
Q*r«*00O>P»a>eOcO 

• to p4feQiniO OQOO 



Qr4 00 



eoofi^CQOto 
- ^• to w ^ ^ 

O ^ ^ 00 GO 



00 

c^^- 00 00 

*oOfHCiicoto^'^Ln 

oa ' " " " " 



• • « « 



COCDCaCQiHO 

roooiocaincQ 
«•«••• 

C^OOOCQtOQ 




w 



929 



37 




NA ^/\ TN hlo. 0Z9 



3Q 



7i 



I 



iiiiiPPi^§s{S§§i§isli§iii§iisiSlij 

liSsSl3§8i§Sii?iili§iiiiii§iigi§§§§i 



® 




S 



5 



I. 



1 



^iiiiiiiiiigisisis 





- - ---- - - - - -- -- - - - mm w m •«••• • •• 



9pi 



9 



lili^liiililiiiiiiii^iiii' 

<Olf O >0 r« i<» c»co ^ to ^ CD O Ct ^ (O GO 




1-4 H r4 W « Ci C« to M ^ ^ II) CO 9 0» r4 r4 i-< r4 M Ct CQ ri n 19 ^ ^ lO <D O 111 p4 M 




HAOA n Mo. 939 



43 



o 
o 

00 
r-l 



00 

§ 

» 



9 

S 



o 



e 



e 



CO 



0 



to 

© 
+ 



CO 

to 

^) to 
^) 

(co) t 



eo 



CO 



to 



to 



eo 



t»t>St> % 

M H rH iH^ rH 

M X »C X O X 

tD in CO O) CO ^ 



MfHtDtOcO 
Ca O) GO In 00 



CQ 
I 



a> >a x >r X X 

U3 aoc>^ tn lO 

CO D-OCQ go O 

• ■ • • • ^ 



St>"S%t> t> 

^ M »< X >C X 

CD 10 ^ 00 eo 01 

to 9 u)co 00 10 

fiOiHOOOO EO 

• • • • • • 

t I I 



^^CoS eo 

CQ CP ca CD t» m 

^ c^co i£3 go c5 

C^i-!C0OO C>- 

• • • > • • 

iH O to O 10 CO 

CO r-i-ico lO 

I I r-lr-ICg IQ 



88S88 8 

00000 o 

r-ICQeO^Uft GO 



VAOA TS So, 989 



43 



e 



® 



CO 



•a, 



M 



0® 



01© 



prHH H M r-l 
i-l X X K X X 



. _ o i=J i> o 

O r-l r-l X r-l r4 

X HH«34|9 Ol 

^ >Hr 



Q ^ o> ^ o ca 



1 I 1 



in in 



ri^y€ X n 

inra inin-^ 

o«< 

cacoc 

08 



OO^O X 
fH rH r-l r-( OD 
•C X X X iZl 

oa»o»coio 

iliii 



3 



i-IOl XXX 



X 0^ CO <0 CD 

ra ricopaS 



to 

eQC9 



IN 
CD 

S 



tn to 



into 



@ 



@ 



H 



e 



0 



to fca 
® .0 

© 

I 



® 

I 



to w 

© 



M (401 



to CO 

© © 



^mxioH A 



CO 

CO GOV IOCS) CO 



OK X X X 



CDHinOO 



to 



H i-lfH iHfH 
X X X X 



t 



X 

CO 
CO 

s 



5|l r^Xr-lr-l 

O xinx X 

HQCtC-CO 

X in>>^o 
cQHbtoi^ 

• • • • • 

gH I r-tOt 
CO lOCO 



1^ 

CQ 



i-l XX I 
OB GO pa 00 to 

bocodn^ 
e^oQoeo 
09 oocor- 
•,••«» 

— 4— 



HHr4»<x 

J«XXO»r* CO 

lilies I 

• a ■ * « • 



44 



roro 4H riNAIi OOSSTAHTS FOR UHIT 

Ref. code 

(cl)Form HORIZONTAL LOlD 
4> ■ 180^ 







® 




'CD 


® 












VALUE or DXTERUZVAK78 










Kl* 


S3' 




D 












(g)3®3 


(5S)3@>3 


©(53)3+® (63) 


3 


d 






-(57)3(59)3 


-<S)8(6S)3 


-@3(S)3 


+®<5*)3 ' 




1000 
2000 
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Notest 

Relative stiffness Is measiixed "by parameter "d": d « 0 re-> 
presents a relatively rigid ring and d • 100 represents a 
somewhat flexible ring. Deflection scale magnified. Dash 
lines Indicate deflected positions. 



Figure 1.- Olmraoterlstic deflection cxirves for a rigid ring 
and for a flexible ring. 
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